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Abstract

We previously developed a theoretical envelope model for single bubbles condensing in immiscible liquids, in which the convection
outside the bubble is conducted through boundary layers at the front of the bubble and through the wake at the rear while the bubble
accelerates, and the convection is dominated by heat transfer through the wake all over the bubble while the bubble is enveloped by its
own wake at decelerating. In this paper the envelop model is extended for bubble train condensing in immiscible liquids by assuming that
the envelopment occurs from start, i.e., the bubble is enveloped by the previous bubble’s wake right after detachment from the nozzle.
The experimental results for freon-113 and hexane bubbles condensing in water confirm the assumption for injection frequencies higher
than 12 bubbles per second.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Condensation of bubbles rising in cold liquids (both mis-
cible and immiscible) is a complicated problem to analyze.
The condensation rate and the heat dissipation from the
bubble are directly affected by three major parameters [1]:
(1) The temperature difference of the condensing vapor
and the surrounding liquid temperature, which is the driving
force for the condensation; (2) the external thermal resis-
tance due to the flow and heat transfer phenomenon in the
condensing liquid near the bubble surface; and (3) the inter-
nal thermal resistance of the condensate that remains within
the bubble (obviously for condensing in immiscible liquids –
two-phase bubble). When the condensation rate is higher
than the mixing rate of the noncondensible gases in the
vapor, a third thermal resistance might be added [2].

Experimental studies with bubbles condensing in misci-
ble liquids have been previously conducted by many
researchers. Of a special interest is an old publication by
0017-9310/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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Moalem et al. [3] in which the condensation rate of a con-
tinuous bubble train rising from a single nozzle was solved
by an iterative, simultaneous solution of the coupled flow
and temperature fields.

Previous researches of the author [4–7] led to a clear pic-
ture of the physical phenomena governing the process of
bubbles condensation in immiscible liquids. The vapor
appears as a sphere eccentrically positioned in the bubble
at its top (see Fig. 1). The condensate film seems to adhere
to the bubble surface, grow in thickness while the bubble
condensates. Right after the bubble detached from the noz-
zle, it accelerate first and than decelerates. A viscous
boundary layer extends over the upper surface of the bub-
ble and a wake over its rear surface while accelerating. An
‘‘envelope’’ of vortices surrounds the bubble (the bubble
settles into its wake), while decelerating. In a later paper
[8] the envelope model was extended to condensation in
miscible liquids by assuming that in this case the conden-
sate mixes immediately in the surroundings and the bubble
is not enveloped at any stage of its rise.

In this paper, the envelope model is extended further
and generalized to include condensation of bubble trains,
i.e., high frequency injection of bubbles, by assuming that
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Nomenclature

CD drag coefficient
CFF condensation of R-113 in subcooled R-113
cp specific heat, J/kg �C
f frequency of injection, bubbles per second
g gravitational acceleration, m/s2

h convection heat transfer coefficient, W/m2 �C
hfv heat of vaporization, J/kg
k thermal conductivity, W/m �C
Nu Nusselt number = (2Rh/kL)
Pr Prandtl number = (lcp/k)L

R radius of bubble, m
Re Reynolds number = (2RU1qL/lL)
�Rf Nondimensional final bubble radius = (R/R0)
T temperature, �C
Ts saturation temperature, �C
T �s saturation temperature at partial vapor pres-

sure, �C
T1 temperature of continuous liquid, �C
t time, s
U1 instantaneous rise velocity, m/s

Greek symbols

a fraction of noncondensibles
c angle from front stagnation point of two-phase

sphere
df thickness of condensate film, m
DT temperature difference = (Ts � T1), �C
h angle from front stagnation point of vapor

sphere
l viscosity, kg/ms
q density, kg/m3

Subscripts and superscripts

f condensate
L continuous liquid
0 initial or front stagnation point
r rear
v vapor
– nondimensional length, dividing by R0
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the bubble is enveloped by the previous bubble wake dur-
ing the whole collapse process.

2. The theoretical model

The previously described models were developed for
single particles injected to a column of subcooled liquid
and condensate individually without mutual effects. In this
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Fig. 1. A schematic diagram of the two-phase bubble and the n
paper we would like to examine the condensation rate of
bubbles injected in high frequency – bubble train. For this
case, we only assume that the previous model is valid, but
the bubble is enveloped by the wake vortexes from start
also in the acceleration zone. The bubble is not enveloped
by its own wake, but with the shaded wake of the previ-
ously injected bubble. Here, only the relevant equations
for the bubble train condensation in immiscible liquids will
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omenclature related to the bubble geometrical dimensions.
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Fig. 2. Condensation of freon-113 bubbles in water: comparison of the
model with experiment No. CFW2559.
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Fig. 3. Condensation of freon-113 bubbles in water: comparison of the
model with experiment No. CFW5229.

H. Kalman / International Journal of Heat and Mass Transfer 49 (2006) 2391–2395 2393
be presented. For more details, the reader should refer to
previous publications [1,6,8].

The envelope model for condensation in immiscible
liquids was confirmed by many experiments [6,8], and it
can be pronounced in a general form as [6]:

d�R
dt
¼ �ðT

�
s � T1Þ
4qvhfv

�R3 � �R3
f

�R3 � qv

qf

" #
1

R2
0
�R2

�
Z p

0

sin h dh
1

2kf

1
�Rv
� 1

�Rvþ�df

h i
þ �R

NukL
�Rvþ�dfð Þ2

ð1Þ

where the nomenclature are shown in Fig. 1. The term in
the square brackets represent the effect of the noncondens-
ibles on the temperature driving force. The first and second
terms at the dominator relates to the internal thermal resis-
tance due to conduction through the condensate and to the
external thermal resistance due to convection. It has to be
emphasized that although Kalman and Ullmann [9] pre-
sented an extension analysis of the bubble shape during
condensation, it is assumed here that the bubble is spheri-
cal at all conditions. The nondimensional vapor bubble
radius is defined as [6]:

�Rv ¼
�R3 � qv

qf � qv

� �1=3

ð2Þ

The nondimensional condensate thickness, �df , can be
defined by geometric considerations [6]:

�df ¼ �Rvð2�R� �RvÞ þ ð�R� �RvÞ2ðcos hÞ2
h i1=2

� ð�R� �RvÞ cos h� �Rv ð3Þ

The thermal resistance outside the bubble, namely the
convection heat transfer over the bubble surface, expressed
by the heat transfer coefficient, h, appears in the definition
of Nu in Eq. (1). For condensation of individual bubbles,
we applied a theoretical boundary layer Nusselt number
for the bubble front half and an empirical correlation for
the rear half of the bubble [6]. The empirical solution of
Lee and Barrow [10] has been applied in the Nusselt num-
ber over the whole bubble in the case of condensation of a
bubble train:

Nur ¼ 0:0447Re0:78Pr1=3 ð4Þ

The collapse rate Eq. (1) of the bubble has to be accom-
panied by the appropriate bubble velocity equation. The
following first order nonlinear differential equation, was
presented in previous publications [6,8]:

dU1
dt
¼

R0gðqL
�R3 � qvÞ � 3

8
CDqL

�R2U1jU1j
qv þ 1

2
qL

�R3
� �

R0

ð5Þ

The drag coefficient CD of a rigid sphere is [1,6]:

CD ¼
16

Re
þ 6

1þ Re1=2
þ 0:4 ð6Þ
Using a drag coefficient of a rigid sphere is a major
assumption since bubbles might not act as rigid, they
may have other shapes [9] and obviously the bubble envel-
opment by the previous bubble wake changes the flow field
around the bubble. An accurate solution might be very
complicated. In any case, we have found previously [6,8]
that the bubble velocity (within a reasonable range) has a
minor affect on the condensation rate.

3. Results and discussion

The experiments presented in this work (Figs. 2–5) were
conducted at high injection frequencies of 12.1–40 bubbles
per second with the same experimental apparatus described
in [6,8]. The two first experiments were conducted for
R-113 bubbles and the other two for Hexane bubbles, both
condensing in water. The injection frequency of f P 12
bubbles per second is high enough for bubbles interaction.
This is strengthening Moalem et al.’s [8] finding that at fre-
quencies above 12–14 bubbles per second the frequency
affects condensation rate through the rising velocity. The
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Fig. 4. Condensation of freon-113 bubbles in water: comparison of the
model with experiment No. CHW2447.
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Fig. 5. Condensation of freon-113 bubbles in water: comparison of the
model with experiment No. CHW2459.
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Fig. 6. Schematic representations of the variations of the ‘‘Envelope
Model’’: 1. Envelopment at deceleration for single bubbles condensing in
immiscible liquids; 2. No envelopment for single bubbles condensing in
miscible liquids; and 3. Envelopment from start for condensation of
bubble train in immiscible liquids.
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initial radii were 1.9–3.1 · 10�3 m. The temperature differ-
ence ranged between 4.9 and 15 �C, and the fractions of
noncondensibles corresponded to 0.072–0.621%.

The temperature difference of 15 �C exhibits a Jacob
number larger than 10, and therefore the collapse process
is inertia controlled (not heat transfer). At such a large tem-
perature difference, other unaccounted for effects in the
present formulations may become dominant. It is impor-
tant to note that Chen and Mayinger [11] showed that even
for single bubble injection at high Jacobs number the phase
interface becomes very unstable immediately due to local
condensation effects and no laminar boundary layer can
be observed around the bubble. Moalem et al. [3] also sta-
ted that at frequencies up to 20 bubbles per second, the col-
lapse rate of a bubble train is smaller than that of a single
bubble, and approaches the latter at high frequencies.

The fraction of noncondensibles in the bubble controls
the apparent saturation temperature T �s in the bubble. This
way the presence of noncondensibles reduces the temper-
ature driving force that affects the rate of collapse, the size
of the bubble, and the termination of the process. The frac-
tion of noncondensibles presently experimented with was
below 0.621%. These concentrations are very low and pre-
sumably do not affect the thermal resistance inside the bub-
ble. At much higher concentrations, the thermal resistance
may become affected. This will have to be accounted for in
future research.

In all the following Figs. 2–5 two lines are presented.
The solid line stands for the classical envelope model by
using a Nusselt number developed from boundary layer
theories [6,8] for the external heat transfer at the front of
the bubble and Eq. (4) for the rear while the bubble is
accelerated, and Eq. (4) all around the bubble while it is
decelerated. In all cases the breaking point between the
acceleration and the envelopment while deceleration is
noticeable in the solid line. The model considered in this
paper for bubble train is shown in Figs. 2–5 by the dashed
line, assuming that Eq. (4) is used all around the bubble
during the whole collapse time without any relation
whether the bubble accelerates or decelerates. Each of the
figures presents measured results of 2–3 bubbles at the
same conditions.

Figs. 2, 4, and 5 show a clear trend for agreement
between the experimental measurements and the model
for enveloping from start, which confirm the assumption
made in this paper. Maybe, at the very first period right
after the detachment, the bubble has a viscous boundary
layer at the front, as can be seen in Figs. 2 and 5, but the
envelopment starts before the bubble starts to decelerate,
which is pointing out clearly the effect of the previous bub-
ble. The measured results shown in Fig. 3 present a higher
condensation rate then the theoretical envelopment model.
The results fall in between the envelope model at decelera-
tion only and the envelope model from start. This is prob-
ably because of the very high temperature difference in
which the experiments were conducted and therefore pres-
ent an inertia effect.
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4. Conclusions

A theoretical model for condensation of a bubble train
in immiscible liquids was developed, which was based on
our previous envelope model for condensation in miscible
and immiscible liquids. Since high frequency injected bub-
bles create a bubble train, we assume that the bubble is
enveloped from start by the wake of the previous bubble.
This starts to affect for frequencies of higher then about
12 bubbles per second. The above assumption is verified
by comparing the model to experimental measurements.

Three collapse rates can be defined by the envelope
model for various cases, as is shown in Fig. 6. The classical
envelope model, when at acceleration the bubble has vis-
cous and thermal boundary layers at the front and is envel-
oped by its own wake during deceleration is applicable for
condensation in immiscible liquids. For condensation in
miscible liquids the bubble is not enveloped at any stage
and for condensation of bubble trains the bubble is envel-
oped from start.
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